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General Topology Problem Solution Engelking: A Complete Guide for
Students and Researchers

When you first encounter Engelking’s General Topology, you might feel overwhelmed by the breadth of concepts,
the depth of proofs, and the sheer volume of exercises that demand a solid grasp of set theory, metric spaces, and
continuity. This guide is designed to help you navigate that complexity by focusing on general topology problem
solution engelking—the strategies, insights, and resources that turn difficult exercises into manageable, even
enjoyable, learning experiences.

What Makes Engelking’s General Topology Stand Out?

While many textbooks on topology emphasize intuition, Engelking’s book is renowned for its rigorous, axiomatic
approach. It covers classical topics such as separation axioms, compactness, connectedness, and product spaces,
but it also ventures into more advanced territory: net convergence, filters, Stone— A£V6, 66x 7F—f-6 F—tg0d basics
of uniform spaces. The exercises in each chapter are meticulously crafted to test a reader’s understanding and to
deepen their insight into the underlying theory.

Because of this depth, students often look for a reliable source of solutions. A well structuredyeneral topology
problem solution engelkingcan be the difference between a frustrating learning curve and a smooth, rewarding
academic journey.

Why Do Problem Solutions Matter in Topology?

Topological reasoning is heavily proof based. Unlike calculus, where a single formula may suffice, topology
demands that you prove statements from first principles. Problem solutions serve several critical functions:

« Verification of Understanding: A correct solution confirms that you have internalized definitions and theorems.

e Learning New Techniques: Solutions often introduce methods you may not have considered, such as using
nets instead of sequences or exploiting compactness via the finite intersection property.

< Building Confidence: Seeing a step-by-step path to a conclusion reduces anxiety when approaching new
problems.

In short, a solid general topology problem solution engelkingis a training ground for the kind of logical
reasoning that will serve you in research, teaching, or advanced study.

Common Problem Areas in Engelking’s Textbook

While every chapter presents challenges, certain themes recur throughout the book. Below is a quick reference to
the most frequent stumbling blocks, along with the types of solutions you'll find.

1. Separation Axioms — Proving T1, T2, T3, and T4 properties often requires subtle use of neighborhoods and
closures.

2. Compactness — Distinguishing between various compactness definitions (open cover, finite intersection,
sequential) can be confusing.



3. Connectedness — Problems that ask you to identify or construct connected or disconnected subsets in
product spaces.

4. Product and Subspace Topologies — Understanding how properties transfer between a space and its
subspaces or products.

5. Continuous Functions — Constructing or disproving continuity using preimages of open sets.

6. Filters and Nets — Advanced convergence concepts that replace sequences in non first countable spaces.

7. Compactifications — Building Stone— A£V6, +" APxandroff one point compactifications.

Below we walk through a representative problem from each category, illustrating the approach you'll see in a full
general topology problem solution engelking guide.

Example 1: Separation Axioms — Proving a Space isT1

Problem: Show that every Hausdorff space is T1.
Solution Outline:

1. Recall that a space is Hausdorff (T2) if any two distinct points can be separated by disjoint open
neighborhoods.

2. Take any two distinct points \(x\) and \(y\) in the space. By the Hausdorff property, there exist disjoint open
sets \(U\) and \(V\) with \(x \in U\) and \(y \in W).

3. Since \(V\) is open and contains \(y\), \(x \notin V\). Thus \(x\) is not in the closure of \(\{y\}\), because a
point’s closure contains all points that cannot be separated from it by open sets.

4. Symmetrically, \(y\) is not in the closure of \(\{x\}\).

5. Hence every singleton is closed, which is precisely the definition of a T1 space.

This concise proof demonstrates how the Hausdorff condition implies the T1 property. A full solution in the
Engelking context would include formal definitions and a brief discussion of why closed singletons are equivalent to
T1.

Example 2: Compactness —The Finite Intersection Property

Problem: Prove that a space is compact iff every family of closed sets with the finite intersection property has a
non empty intersection.

Solution Qutline:

1. Assume the space \(X\) is compact. Let \(\{F_i\} {i\in I}\) be a family of closed sets with the finite intersection
property (FIP). Suppose, for contradiction, that \(\bigcap_{i \in I} F_i = \emptyset\).

2. Then \(\{X \setminus F_i\} {i\in I}\) is an open cover of \(X\).

3. By compactness, a finite subcover \(\{X \setminus F_{i_1}, \dots, X \setminus F_{i_n}\}\) exists.

4. Taking complements, \(\bigcap_{k=1}"n F_{i_k} = \emptyset)), contradicting the FIP.

5. Thus the intersection cannot be empty.

6. Conversely, assume the FIP property holds. Let \({U_j\} {j \in J}\) be an open cover of \(X\). Its complements
\({X \setminus U_j\}\) are closed sets.

7. If no finite subcollection covers \(X\), then the complements have the FIP, so their intersection is non empty,
contradicting the cover.

8. Therefore a finite subcover exists, proving compactness.

In Engelking’s solution style, each step would be accompanied by explicit references to theorems, such as the
equivalence of compactness with the FIP, and a brief justification of each implication.

Example 3: Connectedness — Product Spaces



Problem: Show that the product of two connected spaces is connected.
Solution Outline:

1. Let \(X\) and \(Y\) be connected, and consider their product \(X \times Y\).

2. Assume, for contradiction, that \(X \times Y\) can be written as a disjoint union of two non empty open sets
\(A)) and \(B\).

3. Fix\(x_0\in X\). The slice \(\{{x_0\} \times Y\) is homeomorphic to \(Y\) and therefore connected.

4. Since \({x_0\} \times Y\) is contained in either \(A\) or \(B\), it cannot be split, so the entire slice lies in one of
the two sets.

5. Repeating for all \(x \in X\), we see that the projection onto \(X\) yields a continuous map whose preimage of
a connected set is connected.

6. Finally, the existence of a continuous surjection from \(X \times Y\) onto \(X\) and onto \(Y\) forces both \(X\)
and \(Y\) to be connected, leading to a contradiction unless one of \(A\) or \(B)) is empty.

Thus the product of connected spaces remains connected—a classic result that appears early in Engelking’s text.

Example 4: Continuous Functions — Preimage Characterization

Problem: Prove that a function \(f : X \to Y\) between topological spaces is continuous iff for every open set \(V
\subseteq Y\), the preimage \(f\{-1}(V)\) is open in \(X\).

Solution Outline:

1. Assume \(f\) is continuous. By definition, for each point \(x \in X\) and open set \(V\) containing \(f(x)\), there
exists an open neighborhood \(U\) of \(x\) with \(f(U) \subseteq V\). This ensures that \(f*{-1}(V)\) is open.

2. Conversely, suppose \(fM{-1}(V)\) is open for every open \(V \subseteq Y\). Take any \(x \in X\) and open
neighborhood \(U\) of \(x\). Let \(V = f(U)\). Since \(U \subseteq f*{-1}(V)\) and \(f*{-1}(V)\) is open, \(U\) is a
neighborhood of \(x\) contained in \(fF*{-1}(V)\). This satisfies the continuity condition.

3. Therefore, the two statements are equivalent.

In a full Engelking solution, you would also discuss the role of the subspace topology and how the preimage
condition interacts with open sets in subspaces.

Example 5: Filters and Nets — Convergence in Non First Countable Spaces

Problem: Show that a sequence can fail to capture all convergence behavior in a space that is not first countable.
Solution Outline:

1. Consider the space \(X = \{0\} \cup \{1/n : n\in \mathbb{N}\}\) with the topology generated by the sets \(\{O\}\)
and the complements of finite subsets of \(\{1/n\}\).

2. Define a net \((x_\alpha)\) indexed by the directed set of finite subsets of \(\mathbb{N}\), where \(x_\alpha = 1/
n\) if \(n\) is the smallest element not in the finite set, and \(x_\alpha = 0\) otherwise.

3. Show that \((x_\alpha)\) converges to \(0\) because for any neighborhood \(U\) of \(0\), there exists a finite set
beyond which all indices produce points in \(U\).

4. However, no sequence extracted from this net converges to \(0\) because any sequence will eventually
repeat a point or miss the limit.

5. Thus, the net captures convergence that sequences miss, illustrating the necessity of nets in general
topology.

Engelking’s solution would elaborate on the construction of the directed set and the verification of the convergence
criteria.



Example 6: Compactifications — Stone— £VOh Construction
Problem: Construct the Stone— A£V6, 66x 7F—f-6 F—04 6b F—67&WFR 7 6RA.....A’'a

Solution Outline:

1. Start with the Boolean algebra of all subsets of \(X\).

2. Consider the set of ultrafilters on \(X\). Each point \(x \in X\) corresponds to the principal ultrafilter
\(\mathcal{U}_x\).

3. Equip the set of ultrafilters with the topology generated by sets of the form \(\{ \mathcal{U} \mid A \in
\mathcal{U} \}\), where \(A \subseteq X\).

4. Show that this space is compact, Hausdorff, and that the embedding \(x \mapsto \mathcal{U} x\) is dense.

5. Conclude that this construction yields \(\beta X\), the Stone— A£V6, 66x 7F-—6 F-6aa

In Engelking’s style,
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