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Durrett Probability Theory and Examples Solutions: A Complete Guide

Probability theory is the mathematical backbone of modern statistics, data science, and many fields of engineering
and science. Among the most influential texts in the discipline is Durrett’s Probability: Theory and Examples, a
staple for graduate students and researchers alike. This article offers a deep dive into the book’s core concepts,
provides illustrative examples, and walks through detailed solutions. Whether you are a student preparing for
exams, a practitioner seeking a refresher, or a curious learner, this guide will help you navigate Durrett's rich
landscape of probability theory.

Why Durrett Is a Cornerstone of Probability Education

John C. Durrett's Probability: Theory and Examplesis celebrated for its clear exposition, rigorous proofs, and an
extensive collection of exercises that challenge and inspire. The book strikes a balance between theory and
application, making it a valuable resource for:

e Graduate students in mathematics, statistics, and related fields.

¢ Undergraduate students taking advanced probability courses.

¢ Researchers needing a reference for stochastic processes.

< Data scientists looking to strengthen their theoretical foundations.
Durrett’s approach is systematic: each chapter introduces a key concept, develops the necessary mathematical
framework, and then presents examples that demonstrate the concept in action. The book’s final chapters on
martingales, stochastic integration, and limit theorems provide a robust toolkit for tackling complex problems.

Core Topics Covered in Durrett Probability Theory

Below is a high level overview of the main subjects you will encounter in Durrett’s text. Each section is accompanied
by example problems and solutions that illustrate how to apply the theory.

1. Measure Theory and Probability Spaces

Durrett begins by grounding readers in measure theory, which is essential for a rigorous understanding of
probability. Key concepts include:

¢ Sigma-algebras and measurable spaces.
¢ Probability measures and expectation as integrals.
« Conditional expectation and the law of iterated expectations.

Example Problem: Show that if \(X\) is a non negative random variable, then \(\mathbb{E}[X] = \int_OMinfty
\mathbb{P}(X > t)\,dt\). The solution demonstrates the use of the tail integral formula, a fundamental tool for
deriving expectations.

2. Random Variables and Distributions

Understanding the behavior of random variables is central to probability theory. Durrett covers:

¢ Discrete and continuous distributions.



* Moment generating functions and characteristic functions.
» Transformation of random variables.

Example Problem: Find the distribution of \(Y = X”*2\) where \(X \sim \text{Uniform}(-1,1)\). The solution shows how
to use the cumulative distribution function (CDF) method and the Jacobian transformation for continuous variables.

3. Independence and Conditional Independence
Independence is a cornerstone of probability calculations. Durrett discusses:
¢ Independent and identically distributed (i.i.d.) sequences.

¢ Conditional independence and Bayes’ theorem.
¢ Applications to Bayesian inference.

Example Problem: Given two independent Poisson random variables, find the distribution of their sum. The solution
uses the convolution property of independent random variables and showcases the Poisson additive property.

4. Limit Theorems
Limit theorems provide the theoretical foundation for approximations and asymptotic analysis. Durrett includes:
e Law of Large Numbers (LLN).

e Central Limit Theorem (CLT).
e Large deviations and the Cramér theorem.

Example Problem: Prove the weak law of large numbers for i.i.d. random variables with finite mean. The solution

uses Chebyshev’s inequality and highlights the importance of variance in convergence.

5. Martingales and Stopping Times
Martingales are powerful tools for modeling fair games and stochastic processes. Durrett covers:
» Definition and basic properties of martingales.

¢ Doob’s martingale convergence theorem.
¢ Optional stopping theorem and its applications.

Example Problem: Show that a symmetric random walk is a martingale. The solution verifies the martingale
property by checking conditional expectations at each step.

6. Stochastic Processes

The book explores various stochastic processes, including:

e Markov chains and their long term behavior.
» Poisson processes and renewal theory.
e Brownian motion and its properties.

Example Problem: Determine the stationary distribution of a simple birth—death process. The solution solves the
balance equations and demonstrates how to verify ergodicity.

Detailed Example: The Law of Large Numbers in Action

The Law of Large Numbers (LLN) is one of the most intuitive yet profound results in probability theory. It formalizes
the idea that as you collect more data, the sample mean converges to the true mean of the underlying distribution.
Below we walk through a concrete example, providing both the statement of the theorem and a step by step solution.

Problem Statement



Let \(X_1, X_2, \Idots\) be a sequence of i.i.d. random variables with \(\mathbb{E}[X_i] = \mu\) and \(\text{Var}(X_i)
=\sigma”2 0\),

\[
\lim_{n \to \infty} \mathbb{P}\\left(\left|\frac{1{nP\sum_{i=1}{n} X_i - \mu\right| \geq \varepsilon\right) = 0.
\

Solution Overview
We will use Chebyshev’s inequality, a simple yet powerful tool that bounds the probability that a random variable
deviates from its mean. The steps are as follows:

1. Define the sample mean \(\overline{X}_n = \frac{1{nN\sum_{i=1}{n} X_i\).
2. Compute its expectation and variance.

3. Apply Chebyshev’s inequality to bound the tail probability.

4. Take the limit as \(n \to \infty\) to show convergence to zero.

Step by Step Calculation

1. Expectation of the Sample Mean:

\[

\mathbb{E}[\overline{X}_n] = \mathbb{E}\\left[\frac{1{n\sum_{i=1}{n} X_i\right]
= \frac{1H{nNsum_{i=1}{nP\mathbb{E}[X_i] = \frac{n\mu}{n} = \mu.

\

2. Variance of the Sample Mean:

\[

\text{Var}(\overline{X}_n) = \text{Varj\\left(\frac{1{n\sum_{i=1}{n} X_i\right)
= \frac{IK{n"2\sum_{i=1}{nPtext{Var}(X_i)

= \frac{n\sigma”"2}{n"2} = \frac{\sigma”2}{n}.

\

3. Apply Chebyshev’s Inequality:

\[

\mathbb{PN\N\left(\left|)\overline{X}_n - \mu\right| \geq \varepsilon\right)

\leq \frac{\text{Var}(\overline{X}_n)}{\varepsilon"2}

= \frac{\sigma”2}n\varepsilon”2}.

\

4. Take the Limit:

\[

\lim_{n \to \inftyP\frac{\sigma”2}{n\varepsilon*2} = 0.

\

Thus,

\[

\lim_{n \to \infty} \mathbb{P}\\left(\left\overline{X} n - \mu\right| \geq \varepsilon\right) = 0.
\

This completes the proof of the weak law of large numbers.

In this example, the key insight is that the variance of the sample mean decreases as \(1/n\), ensuring that the
probability of large deviations shrinks to zero. Durrett's text expands on this by exploring strong convergence,
almost sure limits, and the role of higher moments.

Example Solutions: Tackling Common Problems in Durrett Probability



Theory

Below are several classic problems that illustrate the application of Durrett's concepts. Each problem is followed by
a concise solution, designed to reinforce the underlying theory.

Problem 1: Expectation via Tail Probability

Let \(X\) be a non negative random variable. Prove that

\[

\mathbb{E}[X] = \int_{O0}\infty\mathbb{P}(X > t)\,dt.

\

Solution:Use the definition of expectation as an integral over the survival function. Partition the positive real line

into intervals \([k, k+1)\) and sum the probabilities. By Fubini’s theorem, interchange the sum and integral to arrive
at the stated equality.

Problem 2: Distribution of a Transformed Random Variable
Let \(X\) have the exponential distribution with rate \(\lambda > 0\). Find the distribution of \(Y = \sqrt{X}\).

Solution:Compute the CDF of \(Y\): \(F_Y(y) = \mathbb{P}(\sqrt{X} \le y) = \mathbb{P}(X \le y*2) = 1 - e™-\lambda
y"2}\). Differentiate to obtain the PDF: \(f_Y(y) = 2\lambda y e*{-\lambda y"2}\), for \(y \ge 0\).

Problem 3: Sum of Independent Poisson Random Variables

If \(X \sim \text{Poisson}(\lambda_1)\) and \(Y \sim \text{Poisson}(\lambda_2)\) are independent, show that \(Z = X +
Y\) follows a Poisson distribution with parameter \(\lambda_1 + \lambda_2\).

Solution:Use the convolution formula for independent discrete random variables. The probability mass function
(PMF) of \(2\) is

\[

\mathbb{P}(Z = k) = \sum_{i=0}'{k} \mathbb{P}(X = i)\mathbb{P}(Y = k-i)

=\sum_{i=0}{k} eM-\lambda_1}\frac{\lambda_1"i¥i'} e-\lambda_2}\frac{\lambda_2"{k-i}}{(k-i)!}.

\]

Recognize the binomial expansion of \((\lambda_1 + \lambda_2)"k\) divided by \(k!\) and factor out \(e"{-(\lambda_1
+\lambda_2)}\) to obtain the Poisson PMF with parameter \(\lambda_1 + \lambda_2\).

Problem 4: Optional Stopping for a Symmetric Random Walk
Let \((S_n)_{n\ge O}\) be a symmetric simple random walk with \(S_0 = 0\) and \(S_{n+1} = S_n + X_{n+1}\), where
\(\
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