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Automatic Differentiation Applications, Theory, and Implementations:
Lecture Notes in Computational Science and Engineering

In the era of data driven science, the ability to compute derivatives accurately and efficiently has become a
cornerstone of modern computational research. Whether you are optimizing a design, training a neural network, or
solving a partial differential equation, derivatives are the key to unlocking faster convergence, better stability, and
deeper insight into the underlying physics. Automatic differentiation (AD)is a set of techniques that automatically
generate derivative information from user defined functions, bridging the gap between hand tuned symbolic
differentiation and brute force numerical approximations.

This article presents a comprehensive exploration of AD, focusing on its theoretical underpinnings, practical
implementations, and the role it plays in lecture notes for computational science and engineering courses. By the
end, you will understand why AD is indispensable, how it can be implemented efficiently, and how it can be taught
to students in a way that balances rigor with accessibility.

1. Theoretical Foundations of Automatic Differentiation

Automatic differentiation is rooted in the chain rule of calculus. Unlike symbolic differentiation, which manipulates
algebraic expressions, or numerical differentiation, which approximates derivatives via finite differences, AD
evaluates the derivative of a function by systematically applying the chain rule to the elementary operations that
compose the function.

1.1 Forward Mode AD

Forward mode AD propagates derivative information from the inputs to the outputs. For a function f : ! ,sfGiriv&rd
mode computes the Jacobian column by column. The algorithm is efficient when the number of inputs n is small
relative to the number of outputs m. The core idea is to augment each variable with its derivative (a “tangent”), and
then evaluate the function while simultaneously propagating these tangent values.

« Key Operation: For each elementary operationy = g(x ¢, X ,, ...), compute dy =" g/" x e -dxe+"g/"x, -dx, + ...

¢ Complexity: Roughly the same as evaluating the function itself.

e Typical Use Cases: Parameter sensitivity analysis, single output functions such as loss functions in machine
learning.

1.2 Reverse Mode AD

Reverse mode AD, also known as backpropagation in the context of neural networks, propagates derivative
information from the outputs back to the inputs. It is optimal when the function has many inputs and few outputs, as
is typical for scalar objective functions. Reverse mode requires storing intermediate values during the forward pass
(a “tape”) and then traversing this tape in reverse to accumulate gradients.

¢ Key Operation: For each elementary operation, store its inputs and compute the adjoint (reverse derivative)



during the backward pass.
e Complexity: Roughly four times the cost of the forward evaluation, independent of the number of inputs.
e Typical Use Cases: Training deep neural networks, optimizing large scale engineering design problems.

1.3 Operator Overloading vs. Source Transformation

There are two principal implementation paradigms for AD:

1. Operator Overloading: Extends the language’s operators to carry derivative information. This is
language agnostic and easy to integrate into existing codebases. However, it may incur runtime overhead due to
dynamic dispatch.

2. Source Transformation: Transforms the source code into a new program that explicitly computes derivatives.
This can yield highly optimized code but requires a dedicated compiler or code generator.

Both approaches have trade offs between ease of use, performance, and maintainability. In computational science
courses, operator overloading is often introduced first due to its simplicity, while source transformation is explored
in advanced modules.

2. Implementations in Software Libraries

Several mature libraries provide automatic differentiation capabilities, each with its own strengths and design
philosophies. Below is a brief survey of some of the most widely used tools in the computational science and
engineering community.

¢ TensorFlow &amp; PyTorch: Primarily designed for machine learning, these frameworks offer highly optimized
reverse mode AD, enabling efficient training of deep neural networks.

¢ JAX: A NumPy compatible library that supports both forward and reverse mode AD, with just in time compilation
for high performance.

* ADOL C: A C/C++ library that implements tape based reverse mode AD, suitable for large scale scientific
simulations.

e Stan Math Library: Provides both forward and reverse mode AD, widely used in Bayesian statistics and
probabilistic programming.

« Julia’s ForwardDiff.jl and ReverseDiff.jl: Julia’s multiple dispatch and type system make it natural to implement
both modes efficiently.

For teaching purposes, many instructors prefer lightweight, pure Python libraries such asautograd or TensorFlow

GradientTape because they allow students to experiment without the overhead of compiling C++ code.

3. Structure of Lecture Notes for Computational Science Courses

When designing lecture notes that cover AD, it is crucial to balance theoretical depth with hands on examples.
Below is a suggested structure that aligns with the learning objectives of most computational science and
engineering programs.

1. Introduction to Differentiation\n\nSymbolic, numerical, and automatic differentiation.
2. Why derivatives matter in science and engineering.

Chain rule, Jacobians, Hessians.
Forward vs. reverse mode: complexity analysis.

Operator overloading example in Python.
Tape construction and traversal.
Performance considerations.



¢ Adjoint accumulation.
* Memory management and checkpointing.
¢ Optimizing reverse mode for sparse problems.

e Higher order derivatives.
e Vector Jacobian products and Jacobian vector products.
e Hybrid forward/reverse mode for efficiency.

e Parameter estimation in PDEs.
 Sensitivity analysis in fluid dynamics.

¢ Adjoint based shape optimization.

» Data assimilation in weather forecasting.

e Implementing an AD based optimizer for a structural design problem.
e Training a neural surrogate model for turbulent flow.
e Using AD in a Bayesian inference framework.

e Compute gradients of a simple ODE solver.
* Implement reverse mode for a finite element assembly routine.

e Open research problems.
* Recommended textbooks and papers.

Each section should include clear definitions, illustrative diagrams, and code snippets that students can run and
modify. The notes should also reference key literature such as Griewank &amp; Walther (2008) — Evaluating
Derivatives and Roth (2018) — Automatic Differentiation: Theory, Implementation, and Applications.

4. Practical Applications in Computational Science

Automatic differentiation has permeated many subfields of computational science and engineering. Below are
some concrete examples that demonstrate its versatility.

4.1 Optimization of Engineering Designs

Design optimization often requires the gradient of an objective function with respect to design variables. For
instance, minimizing the structural weight of an aircraft wing while satisfying stress constraints. AD can be
integrated into the finite element solver to provide accurate gradients without manual derivation.

4.2 Inverse Problems and Data Assimilation

Inverse problems, such as reconstructing subsurface properties from seismic data, involve solving large nonlinear
systems. AD enables efficient computation of the gradient of the misfit functional, which is essential for
gradient based solvers like L BFGS or Newton methods.

4.3 Machine Learning for Scientific Applications

Physics informed neural networks (PINNs) embed differential equations into the loss function. AD is used to
compute the derivatives of the network output with respect to spatial and temporal coordinates, ensuring that the
network satisfies the governing equations.

4.4 Sensitivity Analysis in Climate Models

Climate models consist of coupled partial differential equations with many parameters. AD allows researchers to
compute the sensitivity of climate outputs (e.g., temperature, precipitation) to parameter changes, which is vital for
uncertainty quantification.



4.5 Control Theory and Robotics

Model predictive control (MPC) requires gradients of the cost function with respect to control inputs. AD can provide
these gradients in real time, enabling high performance control of robotic systems.

5. Advantages and Limitations of Automatic Differentiation

While AD offers many benefits, it is not a silver bullet. Understanding its pros and cons is essential for both
researchers and educators.

e Accuracy: AD computes exact derivatives up to machine precision, eliminating truncation errors inherent in
finite differences.

e Speed: For many problems, AD is only a small constant factor slower than a single function evaluation.

e Ease of Use: Once integrated, AD removes the need for manual derivative derivation.

 Memory Footprint: Reverse mode requires storing all intermediate states, which can be memory intensive for
deep computational graphs.

« Complexity of Implementation: Source transformation tools may require significant effort to integrate into
existing codebases.

« Non differentiable Operations: Conditional branches and discrete events pose challenges for AD, often
requiring careful handling or smoothing approximations.

6. Future Directions in Automatic Differentiation

The field of AD is rapidly evolving. Some promising research avenues include:

e Graph Based AD: Leveraging modern graph processing frameworks to handle extremely large computational
graphs efficiently.

e Hybrid AD: Combining forward, reverse, and symbolic differentiation to exploit the strengths of each method
for specific problem classes.

* Hardware Acceleration: Designing custom hardware (e.g., GPUs, TPUs) with native support for AD operations.

¢ Probabilistic AD: Extending AD to compute derivatives of stochastic functions, useful in Bayesian inference
and reinforcement learning.

» Education Tools: Interactive visualizations that help students grasp the mechanics of AD by visualizing the
tape and gradient flow.

7. Conclusion

Automatic differentiation stands at the intersection of mathematics, computer science, and engineering. By
providing a principled, efficient, and accurate means of computing derivatives, AD empowers researchers to solve
complex optimization, inverse, and simulation problems that would otherwise be intractable. For students of
computational science and engineering, mastering AD opens doors to advanced topics in numerical analysis,
machine learning, and scientific computing.
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